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Abstract: In this paper, we calculate the dimension of the J-anti-invariant coho-
mology subgroup H−J on T
4. Inspired by the concrete example, T4, we get that: On
a closed symplectic 4-dimensional manifold (M,ω), h−J = 0 for generic ω-compatible
almost complex structures.
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1 Notations and main result
Let M be a closed oriented smooth 2n-manifold. An almost complex structure on
M is a differentiable endomorphism on the tangent bundle
J : TM → TM with J2 = −id.
Suppose (M,J) is a closed almost complex manifold. One can construct a J-
invariant Riemannian metric g on M . Such a metric g is called an almost Her-
mitian metric for (M,J). We must point out that the J-invariant Riemannian
metric always exists, for example, we can construct g by
g(·, ·) = 1
2
(h(·, ·) + h(J ·, J ·))
for any Riemannian metric h(·, ·). This then in turn gives a J-compatible non-
degenerate 2-form F by F (X,Y ) = g(JX, Y ), called the fundamental 2-form. Such
a quadruple (M, g, J, F ) is called a closed almost Hermitian manifold. Thus an
almost Hermitian structure on M is a triple (g, J, F ). If dF = 0, then F will be
written as ω and (M, g, J, ω) is called an almost Ka¨hler manifold.
Note that J acts on the space Ω2 of 2-forms on M as an involution by
α 7−→ α(J ·, J ·), α ∈ Ω2(M). (1.1)
This gives the J-invariant, J-anti-invariant decomposition of 2-forms:
Ω2 = Ω+J ⊕ Ω−J , α = α+J + α−J (1.2)
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2as well as the splitting of corresponding vector bundles
Λ2 = Λ+J ⊕ Λ−J . (1.3)
Definition 1.1. Let Z2 denote the space of closed 2-forms on M and define
Z+J , Z2 ∩ Ω+J , Z−J , Z2 ∩ Ω−J .
It is well known that, when J is integrable, β ∈ Z−J if and only if Jβ ∈ Z−J .
Conversely, if (M,J) is a connected almost complex 4-manifold and there exists
nonzero β ∈ Z−J such that Jβ ∈ Z−J , then J is integrable (see [19]).
For an almost complex manifold (M,J), T.-J. Li and W. Zhang [16] introduced
subgroups, H+J and H
−
J , of the real degree 2 de Rham cohomology groupH
2(M ;R),
as the sets of cohomology classes which can be represented by J-invariant and J-
anti-invariant real 2-forms, respectively.
Definition 1.2. (cf. [7, 16]) Define the J-invariant and J-anti-invariant cohomol-
ogy subgroups H±J by
H±J = {a ∈ H2(M ;R) | there exists α ∈ Z±J such that a = [α]}.
We say J is C∞ pure if H+J ∩H−J = {0}, C∞ full if H+J +H−J = H2(M ;R), and
J is C∞ pure and full if
H2(M ;R) = H+J ⊕H−J .
Let us denote by h+J and h
−
J the dimensions of H
+
J and H
−
J , respectively.
It is interesting to consider whether or not the subgroups H+J and H
−
J induce
a direct sum decomposition of H2(M,R). This is known to be true for integrable
almost complex structures J which admit compatible Ka¨hler metrics on compact
manifolds of any dimension. In this case, the induced decomposition is nothing but
the classical real Hodge-Dolbeault decomposition of H2(M,R) (see [4]). However,
for non-integrable case, this is true only for dimension 4. This is proved by T.
Draghici, T.-J. Li and W. Zhang in [7].
Proposition 1.3. (cf. [7, Theorem 2.3]) For any closed almost complex 4-manifold
(M,J), J is C∞ pure and full.
Suppose (M, g, J, F ) is a closed almost Hermitian 4-manifold, the Hodge star
operator ∗g gives the well-known self-dual, anti-self-dual decomposition of 2-forms
as well as the corresponding splitting of the bundle (see [5]):
Ω2 = Ω+g ⊕ Ω−g , α = α+g + α−g ; (1.4)
Λ2 = Λ+g ⊕ Λ−g . (1.5)
Since the Hodge-de Rham-Laplace operator commutes with ∗g, the decomposition
(1.5) holds for the space Hg of harmonic 2-forms as well. By Hodge theory, this
induces cohomology decomposition by the metric g:
H2(M ;R) ∼= Hg = H+g ⊕H−g . (1.6)
3Similar to Definition 1.2, one defines
H±g = {a ∈ H2(M ;R) | a = [α] for some α ∈ Z±g := Z2 ∩ Ω±g }. (1.7)
It is easy to see that
H±g
∼= Z±g = H±g
and (1.6) can be written as
H2(M ;R) = H+g ⊕H−g . (1.8)
On an almost Hermitian 4-manifold, decompositions (1.3) and (1.5) are related
as follows:
Λ+J = RF ⊕ Λ−g , (1.9)
Λ+g = RF ⊕ Λ−J , (1.10)
Λ+J ∩ Λ+g = RF, Λ−J ∩ Λ−g = {0}. (1.11)
It is easy to see that Z−J ⊂ H+g and H−g ⊂ Z+J . Let b2, b+ and b− be the second, the
self-dual and the anti-self-dual Betti number ofM , respectively. Thus b2 = b
++b−.
Moreover, there hold (see [7]):
H−J
∼= Z−J , h+J + h−J = b2, h+J ≥ b−, h−J ≤ b+. (1.12)
Lejmi recognizes Z−J as the kernel of an elliptic operator on Ω−J .
Lemma 1.4. (cf. [13, 14]) Let (M, g, J, F ) be a closed almost Hermitian 4-manifold.
Let operator P : Ω−J → Ω−J be defined by
P (ψ) = P−J (dδgψ),
where P−J : Ω
2 → Ω−J is the projection, δg is the codifferential operator with respect
to metric g. Then P is a self-adjoint strongly elliptic linear operator with kernel
the g-harmonic J-anti-invariant 2-forms.
Hence one has the decomposition of Ω−J :
Ω−J = kerP ⊕ P−J (dΩ1) = Z−J ⊕ P−J (dΩ1).
Remark 1.5. As a classical result of Kodaira and Morrow ([12, Theorem 4.3])
showing the upper semi-continuity of the kernel of a family of elliptic differential
operators, we know that h−J is a upper semi-continuous function under the defor-
mation of almost complex structures.
Let H−,⊥J denote the subgroup of H+g which is orthogonal to H−J with respect
to the cup product, that is,
H−,⊥J := {β ∈ Z+g |
∫
M
β ∧ α = 0 ∀α ∈ Z−J }. (1.13)
By Lemma 1.4 and the results in [7, Lemmas 2.4 and 2.6], we have the following
lemma.
4Lemma 1.6. ([20]) Let (M, g) be a closed Riemannian 4-manifold. If α ∈ Ω+g
and α = αh + dθ + δgψ is its Hodge decomposition, then P
+
g (dθ) = P
+
g (δgψ) and
P−g (dθ) = −P−g (δgψ), where P±g : Ω2 → Ω±g are the projections. Moreover, the 2-
form α− 2P+g (dθ) = αh is harmonic and α+2P−g (dθ) = αh+2dθ. In particular, if
(M, g, J, F ) is a closed almost Hermitian 4-manifold and if α ∈ H−,⊥J is a self-dual
harmonic 2-form, then α = fF+P−J (dθ) for some function f 6≡ 0 and α−dθ ∈ Z+J .
Remark 1.7. As direct consequences of Lemmas 1.4 and 1.6, we have decomposi-
tions as self-dual harmonic 2-forms and as cohomology classes:
H+g = Z−J ⊕H−,⊥J , H+J ∼= H−,⊥J ⊕H−g .
Almost complex structures J1 and J2 are said to be g-related if they are both
compatible with g. In [8], T. Draghici, T.-J. Li and W. Zhang computed the sub-
groups H+J and H
−
J and their dimensions h
+
J and h
−
J for almost complex structures
metric related to an integrable one. Using Gauduchon metrics ([9]), they proved
that the almost complex structures J˜ with h−
J˜
= 0 form an open dense set in the
C∞-Fre´chet-topology in the space of almost complex structures metric related to
an integrable one ([8, Theorem 1.1]). Based on this, they made a conjecture (Con-
jecture 2.4 in [8]) about the dimension h−J of H
−
J on a compact 4-manifold which
asserts that h−J vanishes for generic almost complex structures J . In particular,
they have confirmed their conjecture for 4-manifolds with b+ = 1 ([8, Theorem
3.1]). Fortunately, in [20], Qiang Tan, Hongyu Wang, Ying Zhang and Peng Zhu
confirmed the conjecture completely.
Proposition 1.8. (cf. [20, Theorem 1.1]) Let M be a closed 4-manifold admitting
almost complex structures. Then the set of almost complex structures J on M with
h−J = 0 is an open dense subset of J in the C∞-topology.
A symplectic structure on a differentiable manifold is a nondegenerate closed
2-form ω ∈ Ω2. A differentiable manifold with some fixed symplectic structure is
called a symplectic manifold. Suppose (M,ω) is a closed symplectic manifold. Let
J be the space of all almost complex structures on M and denote by J cω and J tω
respectively the spaces of ω-compatible and ω-tamed almost complex structures on
M .
J tω = {J ∈ J | ω(X, JX) > 0, ∀X ∈ TM,X 6= 0},
J cω = {J ∈ J tω | ω(JX, JY ) = ω(X,Y ), ∀X,Y ∈ TM}.
It is well known that J cω and J tω are contractible C∞-Fre´chet spaces and J tω is an
open subset of J in the C∞-topology. See [2, 7, 8] for details. Then by Proposition
1.8, we know that the set of ω-tamed almost complex structures J on M with
h−J = 0 is an open dense subset of J tω in the C∞-topology. In this paper we want
to prove the compatible case:
Main Theorem: Let (M,ω) be a closed symplectic 4-manifold. Then the set of ω-
compatible almost complex structures J on M with h−J = 0 is an open dense subset
of J cω in the C∞-topology.
Remark 1.9. In general, on a closed almost Ka¨hler 4-manifold (M, g, J, ω), we
have 0 ≤ h−J ≤ b+ − 1. If h−J = b+ − 1, one has a generalized ddc-lemma (cf. [15]),
5where the twisted differential dc is defined by dc = (−1)pJdJ acting on p-forms.
Hence, we pose the following question: On a closed symplectic 4-manifold (M,ω),
is there a ω-compatible almost complex structure J such that h−J = b
+ − 1 ?
The rest of the paper is organized as follows. In §2, we make the deformation
for the standard complex structure on torus T4. By this deformation, we give some
interesting results on the standard torus T4. Finally in §3 we give the proof of our
Main Theorem.
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2 Almost complex structures on T4
In this section, we calculate the dimension of the J-anti-invariant cohomology sub-
group on 4-torus under the deformation of ω-compatible almost complex structures.
The following construction is a generalization of Example 2.6 in [21] which is con-
structed by T. Draghici and C. H. Taubes ([6, 23]). These computations provide
another example where the dimension of the J-anti-invariant cohomology is not an
invariant under the deformation of almost complex structures.
Example 2.1. Let T4 be the standard torus with coordinates {x1, x2, x3, x4}. De-
note by (g0, J0, ω0) the standard flat Ka¨hler structure on T4, where
g0 =
∑
i
dxi ⊗ dxi, ω0 = dx1 ∧ dx2 + dx3 ∧ dx4.
So J0 is given by
J0dx
1 = dx2, J0dx
2 = −dx1, J0dx3 = dx4, J0dx4 = −dx3.
Equivalently, J0 may be given by specifying
Λ−J0 = Span{dx1 ∧ dx3 − dx2 ∧ dx4, dx1 ∧ dx4 + dx2 ∧ dx3}.
It is well known that b+ = b− = 3. Indeed, we have
H+g0 = Span{ω0, dx1 ∧ dx3 − dx2 ∧ dx4, dx1 ∧ dx4 + dx2 ∧ dx3}
and
H−g0 = Span{dx1 ∧ dx2− dx3 ∧ dx4, dx1 ∧ dx3 + dx2 ∧ dx4, dx1 ∧ dx4 − dx2 ∧ dx3}.
Further more, by a direct calculation, we can get
H+J0 = Span{[ω0], [dx1∧dx2−dx3∧dx4], [dx1∧dx3+dx2∧dx4], [dx1∧dx4−dx2∧dx3]}
6and
H−J0 = Span{[dx1 ∧ dx3 − dx2 ∧ dx4], [dx1 ∧ dx4 + dx2 ∧ dx3]}.
Hence, h+J0 = 4 and h
−
J0
= 2.
Suppose Ψ is a linear symplectomorphism. It is well known that if λ is a eigen-
value of Ψ then 1
λ
occurs (cf. [17]). According to such a fact, we can construct the
almost complex structures as follows. Let
A = esin 2pi(x
1+x3), B = esin 2pi(x
1+x4), C = e
1
2 [sin 2pi(x
1+x3)−sin 2pi(x1+x4)]
and
D = e−
1
2 [sin 2pi(x
1+x3)+sin 2pi(x1+x4)].
Obviously, C2 = A
B
and D2 = 1
AB
. Consider the almost complex structure J given
by
Jdx1 = Cdx2, Jdx2 = − 1
C
dx1, Jdx3 = Ddx4, Jdx4 = − 1
D
dx3,
It is easy to see that
Λ+J = Span{dx1 ∧ dx2 + dx3 ∧ dx4, dx1 ∧ dx2 − dx3 ∧ dx4,
Bdx1 ∧ dx3 + dx2 ∧ dx4, dx1 ∧ dx4 −Adx2 ∧ dx3},
Λ−J = Span{dx1 ∧ dx4 +Adx2 ∧ dx3, Bdx1 ∧ dx3 − dx2 ∧ dx4},
and J is compatible with ω0. The corresponding metric is
g(·, ·) = ω0(·, J ·) = 1
C
dx1 ⊗ dx1 + Cdx2 ⊗ dx2 + 1
D
dx3 ⊗ dx3 +Ddx4 ⊗ dx4.
Direct calculation shows
H+g = Span{ω0, (
1
1 +A
− cA)ω0 + 1
1 +A
(dx1 ∧ dx4 +Adx2 ∧ dx3),
(
1
1 + B
− cB)ω0 + 1
1 +B
(Bdx1 ∧ dx3 − dx2 ∧ dx4)},
where
cA =
∫
T4
1
1 +A
dvol and cB =
∫
T4
1
1 +B
dvol.
Obviously,
[(
1
1 +A
− cA)ω0 + 1
1 +A
(dx1 ∧ dx4 +Adx2 ∧ dx3)] ∧ ω0 = ( 1
1 +A
− cA)ω20 6≡ 0
and
[(
1
1 +B
− cB)ω0 + 1
1 +B
(Bdx1 ∧ dx3 − dx2 ∧ dx4)] ∧ ω0 = ( 1
1 +B
− cB)ω20 6≡ 0.
Note that Z−J ⊂ H+g and for any α ∈ Z−J , we must have α ∧ ω0 ≡ 0, so we can
obtain Z−J = {0} which implies that h−J = 0 and h+J = 6. By the definition of H−,⊥J
and Remark 1.7, we know that both
[(
1
1 +A
− cA)ω0 + 1
1 +A
(dx1 ∧ dx4 +Adx2 ∧ dx3)]
7and
[(
1
1 +B
− cB)ω0 + 1
1 +B
(Bdx1 ∧ dx3 − dx2 ∧ dx4)]
are in H−,⊥J .
Denote by ei , dxi and eij , dxi ∧ dxj . Let
ω0 = e
12 + e34 , α0 = e
12 − e34,
ω1 = (
1
1 +A
− cA)ω0 + 1
1 +A
(e14 +Ae23),
α1 = (
1
1 +A
− cA)α0 + 1
1 +A
(e14 −Ae23),
ω2 = (
1
1 +B
− cB)ω0 + 1
1 +B
(Be13 − e24),
and
α2 = (
1
1 +B
− cB)α0 + 1
1 +B
(Be13 + e24).
Consider the element e13 − e24 which is J0-anti-invariant. Since
(e13 − e24) ∧ ω0 = 0, (e13 − e24) ∧ ω1 = 0
and ∫
T4
(e13 − e24) ∧ ω2 =
∫
T4
e1234 = 1,
by Hodge decomposition (cf. pp. 10 in [5]), we can get
P+g (e
13 − e24) = 1‖ ω2 ‖2L2(T4,g)
ω2 + d
+
g γ1. (2.1)
On the other hand,
(e13 − e24) ∧ α0 = 0, (e13 − e24) ∧ α1 = 0
and ∫
T4
(e13 − e24) ∧ α2 =
∫
T4
B − 1
B + 1
e1234 , a,
so we have
P−g (e
13 − e24) = a‖ α2 ‖2L2(T4,g)
α2 + d
−
g γ2. (2.2)
Here d+g , P
+
g ◦ d, d−g , P−g ◦ d and γ1, γ2 ∈ Ω1. By (2.1) and (2.2), we can get the
following equation
e13 − e24 = 1‖ ω2 ‖2L2(T4,g)
ω2 +
a
‖ α2 ‖2L2(T4,g)
α2 + d
+
g γ1 + d
−
g γ2. (2.3)
Since e13 − e24, ω2 and α2 are all closed, d(d+g γ1 + d−g γ2) = 0. Additionally,
0 = (e13 − e24) ∧ ω0 = 1‖ ω2 ‖2L2(T4,g)
(
1
1 +B
− cB)ω20 + d+g γ1 ∧ ω0, (2.4)
8hence
d+g γ1 = −
1
‖ ω2 ‖2L2(T4,g)
(
1
1 +B
− cB)ω0 + P−J (d+g γ1)
= − 1‖ ω2 ‖2L2(T4,g)
(
1
1 +B
− cB)ω0 + d−J γ1. (2.5)
Similarly, we have
P+g (e
14 + e23) =
1
‖ ω1 ‖2L2(T4,g)
ω1 + d
+
g θ1
and
P−g (e
14 + e23) =
b
‖ α1 ‖2L2(T4,g)
α1 + d
−
g θ2,
where θ1, θ2 ∈ Ω1 and b ,
∫
T4
A−1
A+1e
1234. So
e14 + e23 =
1
‖ ω1 ‖2L2(T4,g)
ω1 +
b
‖ α1 ‖2L2(T4,g)
α1 + d
+
g θ1 + d
−
g θ2, (2.6)
and d(d+g θ1 + d
−
g θ2) = 0. 
For a better understanding of the relationship between the cohomologies, please
see the following table.
H+g0 ω0, e13 − e24, e14 + e23
H−g0 e12 − e34, e13 + e24, e14 − e23
H+J0 [ω0], [e
12 − e34], [e13 + e24], [e14 − e23]
H−J0 [e
13 − e24], [e14 + e23]
H+g ω0, ( 11+A − cA)ω0 + 11+A (e14 +Ae23)
( 11+B − cB)ω0 + 11+B (Be13 − e24)
H−g e12 − e34, ( 11+A − cA)(e12 − e34) + 11+A (e14 −Ae23),
( 11+B − cB)(e12 − e34) + 11+B (Be13 + e24)
H+J [ω0], [e
12 − e34],
[( 11+A − cA)(e12 − e34) + 11+A (e14 −Ae23)],
[( 11+B − cB)(e12 − e34) + 11+B (Be13 + e24)],
[( 11+A − cA)ω0 + 11+A (e14 +Ae23)],
[( 11+B − cB)ω0 + 11+B (Be13 − e24)]
H−J 0
Table 1. Bases for H+J0 , H
−
J0
, H+J , etc. of T
4.
By the above example, we have the following theorem:
Theorem 2.2. Let T4 be the standard torus and (g0, J0, ω0) be a standard flat
Ka¨hler structure on T4. Set
Ak = e
1
k
sin 2pi(x1+x3), Bk = e
1
k
sin 2pi(x1+x4), Ck = (
Ak
Bk
)
1
2
and Dk = (
1
AkBk
)
1
2 . Construct the almost Ka¨hler structures (gk, Jk, ω0) by
Jkdx
1 = Ckdx
2, Jkdx
2 = − 1
Ck
dx1, Jkdx
3 = Dkdx
4, Jkdx
4 = − 1
Dk
dx3,
and gk(·, ·) = ω0(·, Jk·). Then Jk → J0, gk → g0 as k →∞. However, h−Jk = 0 and
h+Jk = 6.
93 Proof of main result
In this section we prove the Main Theorem. Let us first describe the C∞-topology
on the space J of C∞ almost complex structures on M . For k = 0, 1, 2, · · · , the
space J k of Ck almost complex structures on M has a natural separable Banach
manifold structure. The natural C∞-topology on J is induced by the sequence
of Ck semi-norms ‖ · ‖k, k = 0, 1, 2, · · · . With this C∞-topology, J is a Fre´chet
manifold. A complete metric which induces the C∞-topology on J is defined by
d(J1, J2) =
∞∑
k=0
‖J1 − J2‖k
2k(1 + ‖J1 − J2‖k) .
For details, see [2, 8]. At first, we will prove the openness statement of Main
Theorem. Please see the following proposition:
Proposition 3.1. Let (M,ω) be a closed symplectic 4-manifold. Then the set of
ω-compatible almost complex structures J on M with h−J = 0 is an open subset of
J cω in the C∞-topology.
Proof. In the proof of Theorem 1.1 in [20], we have gotten that the set of almost
complex structures J onM with h−J = 0 is an open subset of J in the C∞-topology.
Note that J cω is a subspace of J in the C∞-topology. Using the fact that the space
of ω-compatible J inherits the subspace topology, we can get that the set of ω-
compatible almost complex structures J onM with h−J = 0 is an open subset of J cω
in the C∞-topology.
With the above proposition, we can get the openness statement in Main Theo-
rem. It remains to prove the denseness statement of Main Theorem. In the following
section, we will give the proof of the denseness statement.
Suppose (M, g, J, ω) is a closed almost Ka¨hler 4-manifold. To prove the dense-
ness statement, we may consider a family Jt of almost complex structures on M
which is a deformation of J , that is, Jt → J in the C∞-topology as t → 0. If
h−J = 0, then as noted in [8], we can establish path-wise semi-continuity property
for h−J which follows directly from Lemma 1.4 and a classical result of Kodaira and
Morrow ([12, Theorem 4.3]) showing the upper semi-continuity of the kernel of a
family of elliptic differential operators. Therefore h−Jt = 0 for small t.
We now assume that m , h−J ≥ 1. Let α1, · · · , αm ∈ Z−J be such that
α1, · · · , αm is an orthonormal basis of H−J (∼= Z−J ) with respect to the cup product.
Clearly, 1 ≤ m ≤ b+ − 1. Define H−,⊥J,0 $ H−,⊥J to be
H−,⊥J,0 , {β = fω + d−J γ ∈ H−,⊥J : γ ∈ Ω1,
∫
M
fdvolg = 0}.
Here d−J , P
−
J ◦ d. Since ω /∈ H−,⊥J,0 , then it is easy to get the following decomposi-
tions,
H+g = Z−J ⊕H−,⊥J
= Z−J ⊕ R · ω ⊕H−,⊥J,0 .
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By making the local deformation of ω-compatible almost complex structures on
(M,ω) due to gluing operation ([22, 24]), we have the following proposition:
Proposition 3.2. Let (M, g, J, ω) be a closed almost Ka¨hler 4-manifold with h−J ≥
1. There exists a sequence of ω-compatible almost complex structures, {Jkm}, on
M such that Jkm → J as km →∞ and h−Jkm = 0.
Proof. Without loss of generality, we may assume that 1 ≤ h−J = m ≤ b+ − 1, then
let {βj = fjω + d−J γj}, 1 ≤ j ≤ l(, b+ − 1−m), be an orthonormal basis of H−,⊥J,0
with respect to the cup product. We have that
∫
M
fjdvol = 0 and fj 6≡ 0.
First step, we will construct a family of almost complex structures {J ′k} which
is a local deformation of J with dimH−,⊥
J′
k
,0 ≥ l. If h−J = m = b+ − 1, that is, l = 0,
then any deformation {J ′k} of J satisfies dimH−,⊥J′
k
,0 ≥ l = 0. Hence, we just have to
handle the case of h−J < b
+ − 1.
If 1 ≤ h−J < b+ − 1, set
SJ := {β ∈ H−,⊥J,0 |
∫
M
β2 = 1}. (3.1)
Then SJ is a sphere of dimension l − 1. Define a function V : SJ → R as follows:
for any β = fω + d−J γ ∈ SJ ,
V (β) := vol (M \ f−1(0)) = ∫
M\f−1(0)
dvolg. (3.2)
Denote by
µJ , inf
β∈SJ
V (β). (3.3)
By the result in [20] (cf. [20, formula (3.5)]), we know that µJ > 0. Let M
′ ,⋂m
i=1(M \ α−1i (0)), M ′ is an open dense set in M . Fix a point p ∈ M ′, the funda-
mental theorem of Darboux [2] shows that there are a neighborhood Up of p and
diffeomorphism Φ from Up onto Φ(Up) ⊂ C2 = R4 such that ω|Up = Φ∗ω0, where
Φ(p) = 0 ∈ C2 and
ω0 =
√−1
2
(dz1 ∧ dz1 + dz2 ∧ dz2).
We can choose Up small enough such that vol(Up) <
1
3µJ . Denote by Jp the pull
back of J0 on Up, that is, Jp , Φ
∗J0, where J0 is the standard complex structure
on C2. At point p, we have J(p) = Jp(p). Set gp(·, ·) = ω(·, Jp·) on Up. On the
other hand, we know that g(·, ·) = ω(·, J ·). So we can get
g|Up = gp|Up · eh,
here h is a symmetric J-anti-invariant (2, 0) tensor (cf. [11]). Construct metric
g′k = gp · e(1−ϕk)h
using Darboux coordinate chart {x1, x2, x3, x4} on Up, where
ϕk(x) =


1, |x| ≤ 1
k
0, |x| ≥ 2
k
.
(3.4)
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We can extend g′k to the whole manifold by g
′
k||x|≤ 1k = gp and g
′
k|M\{|x|≤ 2k } = g by
using gluing operation (cf. [22, 24]). By g′k and ω, we can get the unique almost
complex structure J ′k such that (g
′
k, J
′
k, ω) is an almost Ka¨hler structure onM , and
g′k → g, J ′k → J as k →∞.
We know that if h−J < b
+ − 1, then H−,⊥J,0 6= {0}. Since
Λ+
g′
k
= Rω ⊕ Λ−
J′
k
and Λ+
J′
k
= Rω ⊕ Λ−
g′
k
,
and we have
βj = fjω + d
−
J γj
= fjω + P
−
J′
k
d−J γj + P
+
J′
k
d−J γj
= fjω + P
−
J′
k
d−J γj + P
−
g′
k
d−J γj . (3.5)
We get P−g′
k
d−J γj |M\{|x|≤ 2k } ≡ 0 since g
′
k|M\{|x|≤ 2k } = g and d
−
J γj |M\{|x|≤ 2k } ∈ Λ
+
g′
k
.
Moreover, P−
g′
k
d−J γj 6≡ 0 on {|x| ≤ 2k} and P−g′
k
d−J γj|{|x|= 2k } = 0. Let D
′ = {|x| ≤ 2
k
}.
By [5], we know that
P−g′
k
dδg′
k
: Ω−g′
k
(D′) −→ Ω−g′
k
(D′)
is a self–adjoint strongly elliptic operator. Hence we can solve the following Dirichlet
problem of g′k-anti-self-dual equations (cf. [5]):{
P−g′
k
dδg′
k
ηj,k = P
−
g′
k
d−J γj , on D
′
ηj,k|∂D′ = 0.
(3.6)
By the standard elliptic theory (cf. [10]), there exists a unique solution ηj,k ∈
Ω−
g′
k
(D′) satisfying Equations (3.6). Therefore,
βj = fjω + P
−
J′
k
d−J γj + dδg′kηj,k − d+g′kδg′kηj,k,
1 ≤ j ≤ l. Denote by β˜j , βj − dδg′
k
ηj,k ∈ H+g′
k
(M), it is clear that
β˜j = fjω + P
−
J′
k
d−J γj − d+g′
k
δg′
k
ηj,k ∈ Ω+g′
k
(M)
and dβ˜j = 0, then β˜j and βj are in the same cohomology class, i.e., [β˜j ] = [βj ].
β˜j |M\{|x|≤ 2
k
} = βj |M\{|x|≤ 2
k
}
= (fjω + d
−
J γj)|M\{|x|≤ 2k }. (3.7)
Since vol(M \ f−1j (0)) ≥ µJ and vol(Up) < 13µJ , we get, on M \ Up,
β˜j ∧ ω = βj ∧ ω = fjω2 6≡ 0.
Hence β˜j contains a non-trivial element β˜j,k = f˜j,kω + P
−
J′
k
dγ˜j,k ∈ H−,⊥J′
k
,0 , where∫
M
f˜j,kdvolg′
k
= 0 and vol ((M \ f˜−1j,k (0)) ∩ (M \ Up)) ≥ 23µJ for 1 ≤ j ≤ l. So
dimZ−
J′
k
≤ m, dimH−,⊥
J′
k
,0 ≥ l and Span{β˜1,k, · · ·, β˜l,k} ⊆ H−,⊥J′
k
,0 .
Second step, we will deform J ′k to Jk satisfied dimH
−,⊥
Jk,0
≥ l + 1 on Up. The
deformation is constructed similarly as the one in Example 2.1. Then by using
gluing operation (cf. [22, 24]), we have the following lemma:
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Lemma 3.3. There exists a sequence of ω-compatible almost complex structures
{Jk} such that Jk → J as k →∞ and dimH−,⊥J,0 ≤ dimH−,⊥J′
k
,0 ≤ dimH−,⊥Jk,0 −1, that
is, h−J − 1 ≥ h−J′
k
− 1 ≥ h−Jk .
The above lemma will be proved later.
Remark 3.4. In the process of proving [20, Theorem 1.1] which can be considered as
the taming case, the following proposition play a key role. Suppose that (M, g, J, ω)
is a closed almost Ka¨hler 4-manifold. If J ′ is a g-related almost complex structure
on M with J ′ 6= ±J , then dim(H−J ∩H−J′) ≤ 1 (cf. [8, Proposition 3.7]). But here,
the compatible case, the above proposition does not work. Fortunately, Lemma 3.3
will play a key role in the proof of our Main Theorem.
Now, let us return to the proof of Proposition 3.2. With Lemma 3.3, we denote
by Jk1 , Jk. Similar to the above discussion, after finite steps (at most for m
steps), we can construct almost complex structures Jkm on M such that Jkm → J
in C∞-topology as km → ∞ and dimH−,⊥Jkm ,0 = b
+ − 1, that is, h−Jkm = 0. This
completes the proof of Proposition 3.2.
From Proposition 3.1 and 3.2, it is easy to get Main Theorem.
In the remainder section, we will give the proof of Lemma 3.3.
Proof of Lemma 3.3. We have obtained h−
J′
k
≤ h−J = m and dimH−,⊥J′
k
,0 ≥ l.
If dimH−,⊥
J′
k
,0 > l, Lemma 3.3 holds automatically. Hence, we just have to prove
the case of dimH−,⊥
J′
k
,0 = l. Let α
′
1, · · · , α′m ∈ Z−J′
k
be such that α′1, · · · , α′m is an
orthonormal basis of Z−J′
k
with respect to the cup product. Suppose {β′1, · · · , β′l} is
an orthonormal basis of H−,⊥
J′
k
,0 with respect to the cup product.
The main idea of the following part is that for each k ∈ N, we will construct
a 1-parameter family of almost complex structures {Jλk }, λ ∈ [1,+∞), which is
a deformation of J with dimH−,⊥
Jλ
k
,0
≥ l + 1. The concrete construction of Jλk is
provided by rotating the Darboux coordinates and reforming the almost complex
structure J ′k.
First step, fixed k ∈ N, we will construct the specific deformation {Jλk }, λ ∈
[1,+∞).
Note that H−,⊥
J′
k
,0 is also spanned by {β˜1,k, · · ·, β˜l,k}. Hence, µJ′k ≥ 23µJ . Since
J ′k||x|≤ 1k = Jp(, Φ
∗J0), it is easy to see that Λ
−
J′
k
is spanned by {dx1 ∧ dx3 − dx2 ∧
dx4, dx1 ∧ dx4 + dx2 ∧ dx3} on {|x| ≤ 1
k
}. Then α′m||x|≤ 1
k
can be written as
α′m||x|≤ 1
k
= L1(x)(dx
1 ∧ dx3 − dx2 ∧ dx4) + L2(x)(dx1 ∧ dx4 + dx2 ∧ dx3),
where L1(x) and L2(x) are smooth functions on {|x| ≤ 1k}. By C. Ba¨r’s result (cf.
[3]), the set α′−1m (0) has Hausdorff dimension ≤ 2. So we can choose a small open
set V ⊆ {|x| ≤ 1
k
} such that L21(x) + L22(x)|V > 0. Without loss of generality, we
assume V = {|x| ≤ 1
k
} and L1 6≡ 0 on V . We make a rotation for the Darboux
coordinates {x1, x2, x3, x4} such that
dx1 = dξ1 cos θ1 − dξ2 sin θ1, dx2 = dξ1 sin θ1 + dξ2 cos θ1,
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dx3 = dξ3 cos θ2 − dξ4 sin θ2, dx4 = dξ3 sin θ2 + dξ4 cos θ2.
We can find that ω||x|≤ 1
k
= dξ1 ∧ dξ2 + dξ3 ∧ dξ4 and |ξ| = |x|.
α′m||x|≤ 1
k
= [L1 cos(θ1 + θ2) + L2 sin(θ1 + θ2)](dξ
1 ∧ dξ3 − dξ2 ∧ dξ4)
+[L2 cos(θ1 + θ2)− L1 sin(θ1 + θ2)](dξ1 ∧ dξ4 + dξ2 ∧ dξ3).
Choose some θ1, θ2 such that L2 cos(θ1 + θ2) = L1 sin(θ1 + θ2). So
α′m||ξ|≤ 1
k
= L(dξ1 ∧ dξ3 − dξ2 ∧ dξ4),
where L , L1 cos(θ1 + θ2) + L2 sin(θ1 + θ2). Since dα
′
m = 0, we obtain that L is a
nonzero constant on {|ξ| ≤ 1
k
}. Moreover, we can assume that L = 1. As in Section
2, for any λ ∈ [1,+∞), let
A(k,λ)(ξ) = e
φk(ξ) sin 2piλ(ξ
1+ξ3), B(k,λ)(ξ) = e
φk(ξ) sin 2piλ(ξ
1+ξ4),
C(k,λ)(ξ) = e
φk(ξ)
2 sin 2piλ(ξ
1+ξ3)−
φk(ξ)
2 sin 2piλ(ξ
1+ξ4),
and
D(k,λ)(ξ) = e
−
φk(ξ)
2 sin 2piλ(ξ
1+ξ3)−
φk(ξ)
2 sin 2piλ(ξ
1+ξ4).
Here,
φk(ξ) =


1, |ξ| ≤ 12k ,
0, |ξ| ≥ 1
k
.
(3.8)
It is easy to see that
A(k,λ)(ξ)||ξ|= 1
k
= B(k,λ)(ξ)||ξ|= 1
k
= C(k,λ)(ξ)||ξ|= 1
k
= D(k,λ)(ξ)||ξ|= 1
k
= 1.
Define an almost complex structure Jλk by gluing operation (cf. [22, 24]) as follows:
Jλk ||ξ|≥ 1k = J ′k and on |ξ| ≤
1
k
,
Jλk dξ
1 = C(k,λ)(ξ)dξ
2, Jλk dξ
2 = − 1
C(k,λ)(ξ)
dξ1,
Jλk dξ
3 = D(k,λ)(ξ)dξ
4, Jλk dξ
4 = − 1
D(k,λ)(ξ)
dξ3. (3.9)
It is easy to see that Jλk is compatible with ω and J
λ
k ||ξ|= 1k = J0, where J0 is the
standard complex structure on R4 ∼= C2. Moreover, on |ξ| ≤ 1k , we have
Λ−
Jλ
k
= Span{B(k,λ)(ξ)dξ1 ∧ dξ3 − dξ2 ∧ dξ4, dξ1 ∧ dξ4 +A(k,λ)(ξ)dξ2 ∧ dξ3}.
Set
gλk , ω(·, Jλk ·) =
1
C(k,λ)
dξ1⊗dξ1+C(k,λ)dξ2⊗dξ2+
1
D(k,λ)
dξ3⊗dξ3+D(k,λ)dξ4⊗dξ4.
(3.10)
Then gλk → g, Jλk → J as k →∞, where J is the almost complex structure defined
on the closed symplectic 4-manifold (M,ω) in Lemma 3.3. Restricted on |ξ| ≤ 12k ,
A(k,λ)(ξ) = Aλ(ξ) = e
sin 2piλ(ξ1+ξ3), B(k,λ)(ξ) = Bλ(ξ) = e
sin 2piλ(ξ1+ξ4),
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C(k,λ)(ξ) = Cλ(ξ) = e
1
2 sin 2piλ(ξ
1+ξ3)− 12 sin 2piλ(ξ
1+ξ4)
and
D(k,λ)(ξ) = Dλ(ξ) = e
− 12 sin 2piλ(ξ
1+ξ3)− 12 sin 2piλ(ξ
1+ξ4).
It is easy to see that Aλ(ξ), Bλ(ξ), Cλ(ξ) and Dλ(ξ) are periodic functions defined
on R4 with period 1/λ, where λ ∈ [1,+∞). Hence, as in Example 2.1, for any
λ ∈ [1,+∞), we can defined an almost complex structure Jλ on torus T4 as follows:
Jλdξ1 = Cλ(ξ)dξ
2, Jλdξ2 = − 1
Cλ(ξ)
dξ1,
Jλdξ3 = Dλ(ξ)dξ
4, Jλdξ4 = − 1
Dλ(ξ)
dξ3. (3.11)
The corresponding compatible metric is
gλ , ω0(·, Jλ·) = 1
Cλ
dξ1⊗dξ1+Cλdξ2⊗dξ2+ 1
Dλ
dξ3⊗dξ3+Dλdξ4⊗dξ4. (3.12)
Hence, H−
Jλ
= {0} and
H+
Jλ
= Span{ω0, α0, ωλ1 , ωλ2 , αλ1 , αλ2},
where ω0 = dξ
1 ∧ dξ2 + dξ3 ∧ dξ4, α0 = dξ1 ∧ dξ2 − dξ3 ∧ dξ4,
ωλ1 = (
1
1 +Aλ(ξ)
− cAλ)ω0 +
1
1 +Aλ(ξ)
(dξ1 ∧ dξ4 +Aλ(ξ)dξ2 ∧ dξ3),
ωλ2 = (
1
1 +Bλ(ξ)
− cBλ)ω0 +
1
1 +Bλ(ξ)
(Bλ(ξ)dξ
1 ∧ dξ3 − dξ2 ∧ dξ4),
αλ1 = (
1
1 +Aλ(ξ)
− cAλ)α0 +
1
1 +Aλ(ξ)
(dξ1 ∧ dξ4 −Aλ(ξ)dξ2 ∧ dξ3),
αλ2 = (
1
1 +Bλ(ξ)
− cBλ)α0 +
1
1 +Bλ(ξ)
(Bλ(ξ)dξ
1 ∧ dξ3 + dξ2 ∧ dξ4).
Here cAλ =
∫
T4
1
1+Aλ(ξ)
dvol and cBλ =
∫
T4
1
1+Bλ(ξ)
dvol. By a conformal transfor-
mation, λξ → x, on T4, we have the following property,
Proposition 3.5. ω0(ξ), ω
λ
1 (ξ), ω
λ
2 (ξ), α0(ξ), α
λ
1 (ξ), and α
λ
2 (ξ) are respectively
conformally equivalent to ω0(x), ω1(x), ω2(x), α0(x), α1(x), and α2(x) constructed
in Example 2.1 for all λ ∈ [1,+∞).
Second step, for any λ ∈ [1,+∞), we will find out part basis {β˜′λ1,k, · · · , β˜′
λ
l,k}
of H−,⊥
Jλ
k
,0
. By the discussion in Proposition 3.2, H−,⊥
J′
k
,0 = Span{β′1, · · · , β′l}, where
β′j = f
′
jω + d
−
J′
k
γ′j
= f ′jω + P
−
Jλ
k
d−
J′
k
γ′j + P
+
Jλ
k
d−
J′
k
γ′j
= f ′jω + P
−
Jλ
k
d−J′
k
γ′j + P
−
gλ
k
d−J′
k
γ′j . (3.13)
Note that
Λ+
gλ
k
= Rω ⊕ Λ−
Jλ
k
and Λ+
Jλ
k
= Rω ⊕ Λ−
gλ
k
.
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Since gλk |M\{|ξ|≤ 1k } = g
′
k and J
λ
k |M\{|ξ|≤ 1k } = J
′
k, we can get P
−
gλ
k
d−
J′
k
γ′j |M\{|ξ|≤ 1
k
} ≡
0. Moreover, P−
gλ
k
d−J′
k
γ′j 6≡ 0 on {|ξ| ≤ 1k} and P−gλ
k
d−J′
k
γ′j |{|ξ|= 1
k
} = 0. Let D
′′ = {|ξ| ≤
1
k
}. Due to the standard elliptic theory (cf. [10]), there exists a unique solution
η′
λ
j,k ∈ Ω−gk(D′′) for the following Dirichlet problem of gλk -anti-self-dual equations
(cf. [5]): {
P−
gλ
k
dδgλ
k
η′
λ
j,k = P
−
gλ
k
d−
J′
k
γ′j , on D
′′
η′
λ
j,k|∂D′′ = 0.
(3.14)
Therefore,
β′j = f
′
jω + P
−
Jλ
k
d−
J′
k
γ′j + dδgλ
k
η′
λ
j,k − d+gλ
k
δgλ
k
η′
λ
j,k,
1 ≤ j ≤ l. Denote by β˜′λj , β′j − dδgλk η′
λ
j,k ∈ H+gλ
k
, then [β˜′
λ
j ] = [β
′
j ].
β˜′
λ
j |M\{|ξ|≤ 1
k
} = (f
′
jω + P
−
Jλ
k
d−J′
k
γ′j − d+gλ
k
δgλ
k
η′
λ
j,k)|M\{|ξ|≤ 1
k
}
= β′j |M\{|ξ|≤ 1
k
}
= (f ′jω + d
−
J′
k
γ′j)|M\{|ξ|≤ 1
k
}. (3.15)
So on M \ {|ξ| ≤ 1
k
},
β˜′
λ
j ∧ ω = β′j ∧ ω = f ′jω2 6≡ 0,
since f ′j |M\{|ξ|≤ 1k } 6≡ 0 by the construction above. Hence β˜′
λ
j contains a non-trivial
element β˜′
λ
j,k ∈ H−,⊥Jλ
k
,0
∩ H+
gλ
k
(M). Note that on M \ {|ξ| ≤ 1
k
}, Jλk = J ′k. So
when restricted to M \ {|ξ| ≤ 1
k
}, we will get β˜′λj,k = β˜′j = β′j. This implies that
{β˜′λ1,k, · · · , β˜′
λ
l,k} are linearly independent.
Third step, for some λ ∈ [1,+∞), we will construct another element β˜′λl+1,k in
H−,⊥
Jλ
k
,0
∩ H+
gλ
k
(M) which is independent with {β˜′λ1,k, · · · , β˜′
λ
l,k}. By the discussion
in the first step, α′m ∈ H−J′
k
(M) and α′m||ξ|≤ 1
k
= dξ1 ∧ dξ3 − dξ2 ∧ dξ4. Hence, on
M \ {|ξ| ≤ 1
k
}, P+
gλ
k
α′m = α
′
m since g
λ
k |M\{|ξ|≤ 1k } = g
′
k|M\{|ξ|≤ 1k }. On {|ξ| ≤
1
k
},
P+
gλ
k
α′m =
1
2
{α′m − Jλkα′m}
=
1
2
{(1 +B(k,λ)(ξ))dξ1 ∧ dξ3 − (1 +
1
B(k,λ)(ξ)
)dξ2 ∧ dξ4}. (3.16)
Similarly, we have
P−
gλ
k
α′m|M\{|ξ|≤ 1
k
} ≡ 0 (3.17)
and
P−
gλ
k
α′m||ξ|≤ 1
k
=
1
2
{(1−B(k,λ)(ξ))dξ1 ∧ dξ3 − (1−
1
B(k,λ)(ξ)
)dξ2 ∧ dξ4} (3.18)
By Hodge theory (cf. [5]), there exists a unique ζ(k,λ)(ξ) ∈ Ω−gλ
k
({|ξ| ≤ 1
k
}) satisfying
the Dirichlet problem of gλk -anti-self-dual equations:{
P−
gλ
k
dδgλ
k
ζ(k,λ)(ξ) =
1
2{(1−B(k,λ)(ξ))dξ1 ∧ dξ3 − (1− 1B(k,λ)(ξ) )dξ2 ∧ dξ4}
ζ(k,λ)(ξ)||ξ|= 1
k
= 0.
(3.19)
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Hence, let β(k,λ)(ξ) = δgλ
k
ζ(k,λ)(ξ), by (3.16)-(3.19), we have
β˜′
λ
l+1 , α
′
m − dβ(k,λ)(ξ)
= P+
gλ
k
α′m − d+gλ
k
β(k,λ)(ξ) ∈ Ω+gλ
k
(M) (3.20)
is a d-closed gλk -self-dual 2-form which is cohomologous to α
′
m, that is, [β˜
′
λ
l+1] =
[α′m]. Therefore, β˜
′
λ
l+1 ∈ H+gλ
k
(M) for any λ ∈ [1,+∞). By (3.16), it is easy to
see that P+
gλ
k
α′m ∧ ω ≡ 0. Note that ω||ξ|≤ 1
k
= ω0 and d
+
gλ
k
β(k,λ)|M\{|ξ|≤ 1
k
} ≡ 0.
If d+
gλ
k
β(k,λ) ∧ ω0 6≡ 0 on {|ξ| ≤ 1k}, then β˜′
λ
l+1 contains an element in H
−,⊥
Jλ
k
,0
. To
complete the proof of Lemma 3.3, we need the following claim,
Claim 3.6. Fixed k ∈ N, then there exists some λ0 ∈ [1,+∞) such that
d+
g
λ0
k
β(k,λ0) ∧ ω0 6≡ 0
on {|ξ| ≤ 1
k
}.
The above claim will be proved later.
Now, let us return to the proof of Lemma 3.3. With Claim 3.6, we can find a
λ0 ∈ [1,+∞) such that d+
g
λ0
k
β(k,λ0) ∧ ω0 6≡ 0. Then there is a point q1 ∈ {|ξ| ≤ 1k}
such that β˜′
λ0
l+1∧ω0|q1 6= 0. It implies that β˜′
λ0
l+1∧ω 6= 0 on a small neighborhood of
q1 in {|ξ| ≤ 1k}. Thus, β˜′
λ0
l+1 contains a non-trivial element β˜
′
λ0
l+1,k in H
−,⊥
J
λ0
k
,0
. Note
that β˜′
λ0
l+1 = f˜
′
l+1ω+d
−
J
λ0
k
γ˜′l+1, where suppf˜
′
l+1 ⊂ Up (defined in the first step of the
proof of Proposition 3.2) and vol(suppf˜ ′l+1) <
µJ
3 . Then {β˜′
λ0
1,k, · · · , β˜′
λ0
l,k, β˜
′
λ0
l+1,k}
are linearly independent. Let Jk = J
λ0
k , gk = g
λ0
k , and β˜
′
l,k = β˜
′
λ0
l,k, 1 ≤ j ≤ l + 1.
Therefor, {β˜′1,k, · · · , β˜′l,k, β˜′l+1,k} is a part of H−,⊥Jk,0 . This completes the proof of
Lemma 3.3.
In the remainder section, we will give the proof of Claim 3.6.
Proof of Claim 3.6. Fix k ∈ N and suppose that
d+
gλ
k
β(k,λ) ∧ ω0 ≡ 0 (3.21)
on {|ξ| ≤ 1
k
} for all λ ∈ [1,+∞). Here, β(k,λ)(ξ) = δgλ
k
ζ(k,λ)(ξ) satisfying Dirichlet
problem for gλk -anti-self-dual equations (cf. [5]):{
P−
gλ
k
dβ(k,λ)(ξ) = P
−
gλ
k
α′m on {|ξ| < 1k},
ζ(k,λ)(ξ)||ξ|= 1
k
= 0.
(3.22)
Using gluing operation (cf. [22, 24]) and replacingM \ {|ξ| ≤ 1
k
} by R4 \ {|ξ| ≤ 1
k
},
define an almost complex structure J˜λk on R
4 as follows
J˜λk ||ξ|≤ 1
k
= Jλk , J˜
λ
k |R4\{|ξ|≤ 1
k
} = J0,
where Jλk is defined by (3.9) and J0 is the standard complex structure on R
4 ∼= C2.
Then, on R4, the almost complex structure J˜λk is given by
J˜λk dξ
1 = C(k,λ)(ξ)dξ
2, J˜λk dξ
2 = − 1
C(k,λ)(ξ)
dξ1,
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J˜λk dξ
3 = D(k,λ)(ξ)dξ
4, J˜λk dξ
4 = − 1
D(k,λ)(ξ)
dξ3. (3.23)
Moreover, we can define the corresponding almost Ka¨hler triples (J˜λk , ω0, g˜
λ
k ) on R
4,
where ω0 = dξ
1 ∧ dξ2 + dξ3 ∧ dξ4 and
g˜λk , ω0(·, J˜λk ·)
=
1
C(k,λ)
dξ1 ⊗ dξ1 + C(k,λ)dξ2 ⊗ dξ2 +
1
D(k,λ)
dξ3 ⊗ dξ3 +D(k,λ)dξ4 ⊗ dξ4.
(3.24)
It is easy to see that
Λ+
J˜λ
k
= Span{dξ1 ∧ dξ2 + dx3 ∧ dξ4, dξ1 ∧ dξ2 − dξ3 ∧ dξ4,
B(k,λ)dξ
1 ∧ dξ3 + dξ2 ∧ dξ4, dξ1 ∧ dξ4 −A(k,λ)dξ2 ∧ dξ3}
and
Λ−
J˜λ
k
= Span{dξ1 ∧ dξ4 +A(k,λ)dξ2 ∧ dξ3, B(k,λ)dξ1 ∧ dξ3 − dξ2 ∧ dξ4}.
By direct calculation, we get
P+
g˜λ
k
(dξ1 ∧ dξ3 − dξ2 ∧ dξ4) = 1
2
{(1 +B(k,λ)(ξ))dξ1 ∧ dξ3
−(1 + 1
B(k,λ)(ξ)
)dξ2 ∧ dξ4} (3.25)
and
P−
g˜λ
k
(dξ1 ∧ dξ3 − dξ2 ∧ dξ4) = 1
2
{(1−B(k,λ)(ξ))dξ1 ∧ dξ3
−(1− 1
B(k,λ)(ξ)
)dξ2 ∧ dξ4}. (3.26)
Make a conformal transformation on R4: ξ → x
λ
. Then A(k,λ)(ξ), B(k,λ)(ξ),
C(k,λ)(ξ), D(k,λ)(ξ) transform correspondingly into
A(k,λ)(x) = e
φk(
x
λ
) sin 2pi(x1+x3), B(k,λ)(x) = e
φk(
x
λ
) sin 2pi(x1+x4),
C(k,λ)(x) = e
φk(
x
λ
)
2 sin 2pi(x
1+x3)−
φk(
x
λ
)
2 sin 2pi(x
1+x4),
and
D(k,λ)(x) = e
−
φk(
x
λ
)
2 sin 2pi(x
1+x3)−
φk(
x
λ
)
2 sin 2pi(x
1+x4).
In particular,
A(k,λ)(x)||x|≤ λ2k = e
sin 2pi(x1+x3) = A, A(k,λ)(x)|R4\{|x|≤λ
k
} = 1;
B(k,λ)(x)||x|≤ λ2k = e
sin 2pi(x1+x4) = B, B(k,λ)(x)|R4\{|x|≤λ
k
} = 1;
C(k,λ)(x)||x|≤ λ2k = e
1
2 sin 2pi(x
1+x3)− 12 sin 2pi(x
1+x4) = C, C(k,λ)(x)|R4\{|x|≤λ
k
} = 1;
D(k,λ)(x)||x|≤ λ2k = e
− 12 sin 2pi(x
1+x3)− 12 sin 2pi(x
1+x4) = D, D(k,λ)(x)|R4\{|x|≤λ
k
} = 1.
(3.27)
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Here A,B,C and D are defined in Example 2.1. Therefore,
J˜λk ||x|≤ λ2k = J, J˜
λ
k |R4\{|x|≤λ
k
} = J0,
where J is the almost complex structure on R4 defined in Example 2.1 and J0
is the standard complex structure on R4 ∼= C2. In the new coordinate system,
ω0 =
1
λ2
(dx1 ∧ dx2 + dx3 ∧ dx4) and
g˜λk =
1
λ2
(
1
C(k,λ)
dx1 ⊗ dx1 +C(k,λ)dx2 ⊗ dx2 +
1
D(k,λ)
dx3 ⊗ dx3 +D(k,λ)dx4 ⊗ dx4).
(3.28)
Define g(k,λ) , λ
2g˜λk and still denote dx
1∧dx2+dx3∧dx4 by ω0. The almost complex
structure determined by g(k,λ) and ω0 is denoted by J(k,λ). Actually, J(k,λ) = J˜
λ
k .
Denote by Ω−g(k,λ)(R
4)0 the smooth space of g(k,λ)-anti-self-dual 2-forms on R4 with
compact support. By the elliptic theory (cf. [10]), there exists a unique solution
ζ(k,λ)(x) ∈ Ω−g(k,λ)(R4)0 satisfying the following Dirichlet problem of g(k,λ)-anti-self-
dual equations (cf. [5]):{
P−g(k,λ)dδg(k,λ)ζ(k,λ)(x) = P
−
g(k,λ)
(dx1 ∧ dx3 − dx2 ∧ dx4),
ζ(k,λ)(x)||x|= λ
k
= 0.
(3.29)
Then
P+g(k,λ)(dx
1∧dx3−dx2∧dx4)−d+g(k,λ)β(k,λ) = dx1∧dx3−dx2∧dx4−dβ(k,λ) (3.30)
is a d-closed 2-form, where β(k,λ) = δg(k,λ)ζ(k,λ) and β(k,λ)|R4\{|x|≤λ
k
} ≡ 0. By (3.21),
d+g(k,λ)β(k,λ) ∧ ω0 ≡ 0 (3.31)
on R4 for all λ ∈ [1,+∞).
As λ → +∞, by (3.27), A(k,λ)(x), B(k,λ)(x), C(k,λ)(x), and D(k,λ)(x) are con-
verging to A, B, C, and D (which are constructed in Example 2.1) respectively
in the weak (compact-open) topology (cf. [18, Chapter 2]) . Hence, J(k,λ) → J∞,
g(k,λ) → g∞, and P±g(k,λ) → P±g∞ in the weak (compact-open) topology as λ→ +∞,
where J∞ and g∞ are the same to the almost complex structure J and the metric
g on R4 in Example 2.1. Hence, J∞ and g∞ are periodic structures on R4.
By (2.2), if P−g∞(dx
1∧dx3−dx2∧dx4) is viewed as a g∞-anti-self-dual 2-form on
T4, then we have the following Hodge decomposition P−g∞(dx
1 ∧ dx3− dx2 ∧ dx4) =
a
‖α2‖2
L2(T4,g)
α2 + d
−
g∞γ2, where α2 ∈ H−g∞(T4) and γ2 ∈ Ω1(T4). However, γ2 can be
viewed as a periodic 1-form and α2 a periodic g
∞-anti-self-dual d-closed 2-form on
R4. Since R4 is contractible, by Poincare´ Lemma, there exists a 1-form γ∞ on R4
such that
a
‖ α2 ‖2L2(T4,g)
α2 = dγ∞ = d
−
g∞γ∞. (3.32)
Thus, P−g∞(dx
1 ∧ dx3 − dx2 ∧ dx4) = d−g∞(γ∞ + γ2). By (3.29), d−g(k,λ)β(k,λ) =
P−g(k,λ)(dx
1 ∧dx3−dx2∧dx4) and P−g(k,λ)(dx1∧dx3−dx2∧dx4)||x|≤ λ2k = P
−
g∞(dx
1 ∧
dx3 − dx2 ∧ dx4), so d−g(k,λ)β(k,λ)||x|≤ λ2k = d
−
g∞(γ∞ + γ2) for any λ ∈ [1,+∞). Then
d−g(k,λ)β(k,λ) → d−g∞(γ∞ + γ2) as λ → +∞ in weak topology on Ω2(R4). By (3.32),
19
d+g(k,λ)β(k,λ) → d+g∞(γ∞ + γ2) = d+g∞γ2 as λ → +∞ in weak topology on Ω2(R4).
Let β∞ , γ∞ + γ2. By (3.31), we get
d+g∞β∞ ∧ ω0 = d+g∞γ2 ∧ ω0 ≡ 0 (3.33)
on R4. Note that
dx1 ∧ dx3 − dx2 ∧ dx4
= P+g(k,λ)(dx
1 ∧ dx3 − dx2 ∧ dx4) + P−g(k,λ)(dx1 ∧ dx3 − dx2 ∧ dx4)
= P+g∞(dx
1 ∧ dx3 − dx2 ∧ dx4) + P−g∞(dx1 ∧ dx3 − dx2 ∧ dx4).
Then
P+g(k,λ) (dx
1 ∧ dx3 − dx2 ∧ dx4)→ P+g∞(dx1 ∧ dx3 − dx2 ∧ dx4)
and
P−g(k,λ) (dx
1 ∧ dx3 − dx2 ∧ dx4)→ P−g∞(dx1 ∧ dx3 − dx2 ∧ dx4)
as λ→ +∞ in weak topology . Since P+g∞(dx1∧dx3−dx2∧dx4) can be regarded as
g∞-sefl-dual 2-form on T4, by (2.1), P+g∞(dx
1 ∧ dx3 − dx2 ∧ dx4) = 1
‖ω2‖2
L2(T4,g)
ω2 +
d+g∞γ1. Since P
+
g(k,λ)
(dx1 ∧ dx3 − dx2 ∧ dx4)− d+g(k,λ)β(k,λ) is d-closed,
P+g∞(dx
1 ∧ dx3 − dx2 ∧ dx4)− d+g∞β∞ =
1
‖ ω2 ‖2L2(T4,g)
ω2 + d
+
g∞γ1 − d+g∞β∞
=
1
‖ ω2 ‖2L2(T4,g)
ω2 + d
+
g∞γ1 − d+g∞γ2
is a d-closed g∞-self-dual 2-form on T4. Moreover, we can get d(d+g∞γ1−d+g∞γ2) = 0
and d+g∞γ1 = d
+
g∞γ2. By (2.5), d
+
g∞γ1∧ω0 6= 0, then d+g∞β∞∧ω0 = d+g∞γ2∧ω0 6= 0.
This gives a contradiction to (3.33). Hence, for any fixed k ∈ N, there exists some
λ0 ∈ [1,+∞) such that
d+
g
λ0
k
β(k,λ0) ∧ ω0 6≡ 0
on {|ξ| ≤ 1
k
}. This completes the proof of Claim 3.6.
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